A priori derivation for the extra free energy caused by the passing electric current in metal is presented. The analytical expression and its discrete format in support of the numerical calculation of thermodynamics in electric current metallurgy have been developed. This enables the calculation of electric current distribution, current-induced temperature distribution and free energy sequence of various phase transitions in multiphase materials.
Introduction
Electric current metallurgy utilizes electric current in alloys processing [1] . The system free energy in this situation consists of chemical free energy (G c ), interfacial energy (G i ), strainstress energy (G s ) and electric current free energy (G e ). G c can be calculated using RedlichKister equation [2] . G i can be calculated by broken-bond and binding-energy models [3] . G s can be obtained by the calculation or measurement of strain field [4] . G e is an extra free energy caused by the electric current. There is an equation in literature that is applicable to the calculation of G e for the non-magnetic materials [5] . For the magnetic materials, especially for materials containing phases with different values of magnetic permeability, the existing theory is not applicable. Furthermore, the analytical calculation for the current distribution and G e in the analysis of multiphase alloys is feasible for only a few oversimplified cases [5] [6] [7] . Numerical calculation method for this problem has not been developed and discussed systematically. A priory derivation for thermodynamics of electric current metallurgy is desirable. This will not only contribute to the fundamental understanding of the effect of electric current in metallurgy but also to clarify the limitations in application of the theory to the design of the electric current metallurgy. This article serves such purposes.
The extra free energy in electric current metallurgy
For an infinitesimal volume V  inside a metallic material, the conductive electrons are driven to drift toward a direction by the applied electric potential upon the materials. Denote The procedure is supposed to take an infinitesimal time t
where B  is magnetic field. Eq. (6) has a new meaning of the work needed to cause a small change of magnetic field B   . The magnetic field B  works both to against the electric field that a changing magnetic field creates and to change the magnetization of any material within the magnetic field. For non-dispersive materials this same energy is released when the magnetic field is destroyed so that this energy can be modelled as being stored in the magnetic field. In this case, the free energy is represented as
and the divergence theorem, Eq. (7) changes into following format
where A  is the vector potential. Eq. (7) and Eq. (8) are two equivalent formats for the calculation of system free energy [8] . 
where r is a position inside the materials. V is the materials volume. One needs to find the
where Coulomb Gauge condition gives   0
following equation stands
where  is the magnetic permeability and is frequency dependent. If there is no magnetic materials around one has = 0 , where μ 0 is the magnetic permeability in vacuum. At steady
. Eq. (10) is thus changed into a Poisson equation as following
The general solution of the Poisson equation is
where r is a point in the materials. Substituting Eq. (13) into (9), one has
Eq. (14) is suitable to describe the free energy of multiphase linear non-dispersive materials at a steady state. The phases constituting the materials may have different magnetic permeability. This expression is different from that in literature [5] .
Computation of current distribution and free energy
Calculation of Eq. (14) requires the knowledge of current distribution in materials. For some simple cases, e.g. an infinite large matrix containing only one spherical or ellipsoidal inclusions, the analytical solution for the electric current distribution can be derived from
Maxwell equations [9] . However, it is not possible to obtain an analytical expression of the electric current distribution in engineering multiphase polycrystalline alloys from solving of Maxwell equations. Numerical calculation of the current distribution at steady state can overcome this difficult.
5
A continuous material can be discretized into and represented by some nodes and elements.
The nodes can be arranged regularly and irregularly. An element linking to node- and node- is called element-. Node- can connect to -number of nodes via elements, as illustrated schematically in Figure 1 . In the low-frequency limit where the wavelengths of electromagnetic radiation are very large compared to the materials dimension, Kirchhoff's circuit laws satisfied, which is
where  I represents the electric current in the element-. The current density in the element can be obtained by
with  S denotes the cross section area of element-. The low-frequency limit is normally satisfied in engineering metallurgical processing, e.g. 300 Hz alternating current has a wavelength of 1000 km which is much large than a typical alloy product. Eq. (15) is, however, accurate for the application of direct current. 
The heating rate due to Ohm heat at element- is obtainable by
Where 
Validation against the analytical theory and experimental observation
The analytical solution for the electric current distribution in an infinite large material containing a tiny spherical inclusion is available [5, 6, 9] . Denote the electrical conductivity of matrix by  0 and that of the inclusion by  n , a schematic illustration for the current To validate the theory against the experimental observation, the evolution of the precipitates in a stainless steel at high temperature (above Curie temperature) is selected for the study. It is found experimentally that the precipitates with a composition of Fe-10.45Ni-16.68Cr-2.02Mo (at.%) are formed after high temperature annealing. The matrix is with a composition of Fe-7.78Ni-24.13Cr-6.57Mo (at.%). When the electric current is applied to the alloy at the high temperature annealing, the precipitates dissolve [10] . for the calculation of current distribution using Eq. (19). The composition of a precipitate is, in principle, dependent on its radius. This is described by Gibbs-Thomson equation [12]   
where eq i c is the concentration of i-th element in equilibrium with a particle of infinite radius.
 is the interfacial energy, m V is the molar volume of precipitate, r is the particle radius,  is the stoichiometric factor, R is the gas constant and T is the absolute temperature. When the particle radius is changed from 1 r to 2 r , the change of solute concentration can be calculated by following approximations It is possible to use the method presented in the present work to calculate electric current distribution, temperature rising distribution due to Ohm heat and system free energy of
